Abstract. We prove a generalization of Lopes's theorem, that is, of the converse of Brolin's theorem.
Introduction
Let f be a rational function on P 1 = C∪{∞} of degree d > 1. Let us denote by J(f ) the Julia set of f , and by F (f ) the Fatou set P 1 \ J(f ) of f . Let ω be the Fubini-Study area element on P 1 normalized so that ω(P 1 ) = 1. Then the weak limit
, has no atoms in P 1 , and charges no polar subsets in P 1 . This probability measure µ f is called the equilibrium (or the (nonexceptionally) balanced) measure of f on P 1 , and is in fact the unique probability measure ν on P 1 such that f * ν = d · ν on P 1 and that ν(E(f )) = 0, where the exceptional set E(f ) := {a ∈ P 1 : f −2 (a) = {a}} of f consists of at most two points in P 1 (for any a ∈ E(f ), the probability measure ν a := (δ a + δ f (a) )/2 on P 1 also satisfies f * ν a = d · ν a on P 1 , that is, ν a is balanced under f , but ν a (E(f )) > 0). In particular, J(f ) = supp µ f and J(f ) is non-polar.
When ∞ ∈ F (f ), let us denote by D ∞ = D ∞ (f ) the Fatou component of f containing ∞, and by
the harmonic measure of D ∞ with pole ∞, which is a probability measure on ∂D ∞ . This measure ν ∞ exists since J(f ) is non-polar as mentioned in the above.
Our aim in this short notes is to prove the following. Theorem 1. Let f be a rational function on P 1 of degree d > 1, and suppose that ∞ ∈ F (f ). Then the following are equivalent;
The implication (i)⇒(ii) in Theorem 1 follows from the work of Brolin [1] , so we will show the converse implication (ii)⇒(i). The statement (i) is equivalent to the following statement that either f is a polynomial or f −2 (∞) = {∞} ⊂ f −1 (∞), the latter possibility in which never occurs if f (D ∞ ) = D ∞ and is in fact equivalent to f having the form a(z − b) −d + b for some a ∈ C * and some b ∈ C. In particular, the iteration order 2 of f in the statement (i) is best possible.
The implication (ii)⇒(i) in Theorem 1 was first claimed by Oba and Pitcher [7] , also assuming f (∞) = ∞ (so f (D ∞ ) = D ∞ ) and f ′ (∞) = 0. It was established by Lopes [4] (see also Lalley [3] and Mañé-da Rocha [5] ) under a relaxed additional assumption f (∞) = ∞, and by the present authors [8 
Theorem 1 is not much stronger than [8, Theorem 1] . Indeed, with a little extra effort, it can be obtained by combining [8, Theorem 1] with Sullivan's no wandering domain theorem [12] and the Riemann-Hurwitz formula. In what follows, we will prove Theorem 1 in an alternative way. We will first improve some part (see Claim 1 below) in the proof of the implication [8, (ii)⇒(i) in Theorem 1] and then give a simple proof of the remaining part, using the following pleasant theorem due to Orevkov.
, that is, this lemniscate coincides with the zero set
We conclude this section with some background material. For more details, see e.g. the books [10, 6] , respectively.
Potential theory. For every probability measure ν on C having the compact support, let p ν be the (logarithmic) potential of ν on C with pole ∞ so that p ν (z) = C log |z − w|ν(w) on C. Then dd c p ν = ν − δ ∞ on P 1 (as a δ-subharmonic function on P 1 ) and p ν (z) = log |z|+O(|z| −1 ) as z → ∞. We also set
which is called the energy of ν with pole ∞.
Let D be a domain in P 1 containing ∞ such that C \ D is non-polar (i.e., I ν > −∞ for some probability measure ν supported by C \ D). The equilibrium mass distribution on C \ D with pole ∞ is the unique probability measure ν on C \ D such that p ν ≥ I ν on C, p ν > I ν on D, and p ν ≡ I ν on C \ D except for some (possibly empty) F σ -polar subset in ∂D. This probability measure is supported by ∂D and coincides with the harmonic measure ν D,∞ of D with pole ∞.
Complex dynamics. Let f be a rational function on P 1 of degree d > 1. The Julia set J(f ) of f is defined by the set of all non-normality points of the family (f n ) n∈N , and the Fatou set F (f ) of f by Let (1, z) . Such an F is unique up to multiplication in C * and is called a (non-degenerate homogeneous) lift of f . We note that for every n ∈ N, deg(f n ) = d n , and the n-th iterate F n of F , which is written as
is a lift of f n . The uniform limit
exists, where · is the Euclidean norm on C 2 , and is called the escape rate function of F on C 2 \ {(0, 0)}. In particular, the function G F is a continuous and plurisubharmonic function on C 2 \ {(0, 0)}, and we have the equality
for every c ∈ C * and every Z ∈ C 2 \ {(0, 0)}, the equality
for every c ∈ C * , and the equality dd c G F (1, ·) = µ f − δ ∞ on P 1 (as a δ-subharmonic function on P 1 ). We also note that for every n ∈ N,
Proof of Theorem 1
Let f be a rational function on P 1 of degree d > 1. As we already mentioned in Section 1, we only need to show the implication (ii)⇒(i).
Fix a lift F of f , and suppose that ∞ ∈ F (f ).
Preliminary lemmas. Let us recall the following from [8, §3].
Lemma 2.1. The potential p µ f is continuous on C. More precisely,
Proof. The values on P 1 of the dd c operator on both G F (1, ·) and p µ f (as δ-subharmonic functions on P 1 ) are µ f − δ ∞ . Hence we have
Lemma 2.3 (the pullback formula of p µ f under f ). For every n ∈ N,
Proof. Without loss of generality, we can assume that n = 1. Using Lemma 2.1, we can compute as
Proof of (ii)⇒(i). Suppose now that
, and suppose that f is not a polynomial, that is,
Then by (2.4) for n = 1 (and p µ f ≡ I µ f on C \ D ∞ ), we have
). This is impossible by (2.5) (and since F 0 (1, ·) is non-constant on C).
In the latter case we in fact have
). This is impossible by (2.5) (and since F 0 (1, ·) is non-constant on C). Once f −1 (D ∞ ) = D ∞ is at our disposal, we have F (f ) = D ∞ by (2.5) (and since F 0 (1, ·) is non-constant on C).
Suppose next that f 2 (D ∞ ) = D ∞ . We note that by (2.4) for n = 2 (and p µ f ≡ I µ f on C \ D ∞ ), we also have
We claim that either
0 (1, ·) is constant on C. The latter possibility is equivalent to f 2 being a polynomial.
Choose c ∈ C * satisfying |c| = e 1) ) , so that
Then for every n ∈ N, by (2.4) (applied to the lift cF of f ) and
Proof. For every n ∈ N, the non-polar (so infinite) set J(f ) is contained in both L cF and L (cF ) n . Hence (identifying z ∈ C with (ℜz, ℑz) ∈ R 2 ,) we have 
Suppose finally that D ∞ = F (f ). Then L cF ∩ F (f ) = ∅; for, otherwise, we must have L cF = J(f ), so that F (f ) has also a bounded component (intersecting with f −1 (∞)). This contradicts D ∞ = F (f ). Pick z 0 ∈ L cF ∩ F (f ) (then z 0 ∈ L (cF ) n for every n ∈ N by the equality L cF = L (cF ) n in Claim 2, and p µ f (z 0 ) > I µ f ). Then by (2.4) (applied to the lift cF of f ) and (2.6), we must have p µ f (f n (z 0 ))
On the other hand, by the inclusion f (L cF ) ⊂ L cF in Claim 2, the boundedness of L cF in C, and the (upper semi)continuity of p µ f on C, we have lim sup n→∞ (p µ f (f n (z 0 )) − I µ f ) ≤ sup L cF (p µ f − I µ f ) < ∞. This is a contradiction.
